Abstract. We consider, for each smooth manifold M , the set M comprised by all the primary ideals of C ∞ (M ) which are closed and whose radical is maximal. The classical Lie theory of jets (jets of submanifolds) must be extended to M in order to have nice functorial properties. We will begin with the purely algebraic notions, referred always to the ring C ∞ (M ). Subsequently it will be introduced the differentiable structures on each jets space of a given type. The theory of contact systems, which generalizes the classical one, has a part purely algebraic and another one which depends on the differentiable structures.
Introduction
Jets spaces appear in the work of S. Lie. The "elements" of his contact transformations are 1-jets of hypersurfaces. In the theory of differential invariants (see [13] , volume 1, §130, for example) each group of transformations is prolonged from the base manifold to all the spaces of jets of submanifolds, in order to obtain all of the differential invariants of the group. Without stopping in formalizing the theory, it is clear that Lie thinks about jets as points and about spaces of jets of a given type as "prolongations" of the given base-manifold. Even the notation he uses for the coordinates are the current ones.
Since the 1950s jets spaces are systematically used, considered its elements as jets of morphisms of manifolds and, more particularly, as jets of sections of fiber bundles ( [23] , for example). Although frequently this view is convenient in many applications, facilitating calculations in coordinates, the point of view of Lie (jets of submanifolds) is preferable when one wants to put the theory into a general way, looking at the demands of the structure, rather than applications.
Given a smooth manifold M , a closed submanifold X of dimension m and a point p ∈ X, the jet of order ℓ of X at p is the ideal I(X)+m ℓ+1 p of C ∞ (M ) (we have denoted by I(X) the ideal of functions vanishing on X, and by m p the one consisting of functions null at p). The factor ring of C ∞ (M ) by the mentioned ideal is isomorphic with R ℓ m = R[x 1 , . . . , x m ]/(x 1 , . . . , x m ) ℓ+1 , the ring of Taylor expansions of m variables truncated at order ℓ, and the law associating with each f ∈ C ∞ (M ) its factor class in R ℓ m is the Taylor expansion of order ℓ of f | X at p (with respect to a choice of coordinates depending on the chosen isomorphism between the factor ring and R ℓ m ). If we denote by M ℓ m the set of ideals of C ∞ (M ) whose remainder quotient rings are isomorphic to R ℓ m , M ℓ m is identified with the jets of order ℓ of m-dimensional submanifolds of M , in the sense of Lie.
The assignment M M ℓ m is not functorial. This is the first reason to a good general theory of jets must to take into consideration not only jets of submanifolds (the "classical" jets of Lie) , but, at least, all of the primary ideals of C ∞ (M ) which are closed for the topology of that ring and have maximal radical. That set, M, is not a manifold, but the union of disjoint manifolds, one for each "Weil algebra" (= local, rational and finite dimensional, as a R-vector space, R-algebra). The assignation M M is already functorial
In [24] Weil introduced a notion which generalizes that the point of a manifold: for each manifold M and each Weil algebra A, an A-point of M is an morphism p A : C ∞ (M ) → A. In particular, when A = R, the Rpoints are the usual points of M ; for A = R 1 1 , the A-points are the tangent vectors; when A = R 1 n (n = dim M ) the "regular" A-points (exhaustive morphisms) are the frames on the T p M . In general, in the currently usual terminology, R ℓ m -points are jets of order ℓ of differentiable maps from R m to M : J ℓ o (R m , M ) = M ℓ m , in Weil notation. For each Weil algebra A, the set of A-points of M is a manifold M A , and we have a canonical map M A → M, which assigns with each A-point p A its kernel p = Ker p A . If we denote byM A the set of those p A which are exhaustive, its image M A in M is another manifold, and the canonical map M A → M A , p A → p = Ker p A , is a principal fiber bundle with structural group Aut A.
The relationship between Weil A-points and primary ideals of C ∞ (M ) is the same as the existent between points of algebraic manifolds in the classical [25] and the current Grothendieck schemes (which germinal idea is already in the work of Dedekind ([9] supplement XI, [8] ), contemporary of Lie) .
In this work we present first the algebraic aspects of jets theory and, subsequently, the differentiable structures. In principle, all of the notions are referred to the ring C ∞ (M ). After of introducing the differentiable structure on each jets space M A , the new manifolds ones can play the role of the initial M ; for example, in the prolongation of systems of partial differential equations.
In the bibliography are cited a collection of papers where the consideration of jets of M as ideals of C ∞ (M ) has been applied to several problems, most of them related to works of Lie. In order to make the exposition self-contained we have detailed some results included in previous publications (in particular, [1] , [5] , [24] ) 1 . Jet spectrum of a manifold 1.1. General notions. Let M be a smooth manifold, C ∞ (M ) its ring of infinitely differentiable functions. We will call jet of M to each ideal p of C ∞ (M ) such that the quotient C ∞ (M )/p is a finite dimensional, as an R-vector space, rational and local R-algebra; in short, a Weil algebra.
We will denote by M the set comprised by all jets of the manifold M and call it jets spectrum of C ∞ (M ) or, shortly, jet spectrum of M .
Given a morphism of manifolds ϕ : M → N , the morphism of rings ϕ * : C ∞ (N ) → C ∞ (M ) determines a map, again denoted again ϕ : M → N, which assign to the jet p ∈ M the ideal ϕ(p) = ϕ * −1 (p) of C ∞ (N ), which is also a jet, because C ∞ (N )/ϕ(p) is injected by means of ϕ * as a subalgebra of
The composition of morphisms of manifolds corresponds to the composition of maps between jet spectra. Therefore, the assignation M M is a covariant functor from the category of manifolds to the category of sets.
Each
The converse is a classical result: every maximal ideal of C ∞ (M ) whose field of remainders is R comes from a point p ∈ M . In this way, manifold M is recoverable as the R-spectrum of C ∞ (M ). The topology of M is that of Zariski as a part of the maximal spectrum of C ∞ (M ).
Let p be an arbitrary jet of M ; the quotient C ∞ (M )/p is a Weil algebra, whose maximal ideal has the form m/p, where m is a maximal ideal of C ∞ (M ) whose residue field is R; for this reason, m is of the form m p form some p ∈ M . The jet p is contained in (a unique) maximal ideal of the form m p , with p ∈ M . Following the terminology suggested by that of Weil [24] , we will say that p is a jet near p or a jet at p. Thus, we have a canonical
If A is a Weil algebra, we call A-point of M each morphism of R-algebras [24] ). If m A is the maximal ideal of A, it holds A/m A = R. The composition of morphism p A with the morphism quotient by m A gives a morphism C ∞ (M ) → R, and so a point p ∈ M . We will say that the A-point p A is near p.
Given a Weil algebra A, the powers of its maximal ideal m A define a decreasing sequence of finite dimensional R-vector spaces; such a sequence must be stationary: for some index ℓ is m A is named width of A. The width of A is the minimum number of generators of A as an R-algebra.
For each jet p of M , the order of p and the width of p will be those of the Weil algebra C ∞ (M )/p.
Given an ideal I of C ∞ (M ) and a point p ∈ M , such that I ⊆ m p , we will call jet of order ℓ of I at p the ideal I + m ℓ+1 p ; such an ideal consists of the whole of f ∈ C ∞ (M ) whose Taylor expansion order ℓ at p coincides with the one of some function in the ideal I. The classical theorem of Whitney [26] can be stated by saying that each ideal I which is closed in the topology of C ∞ (M ), is the intersection of all the jets containing it. The converse is immediate: powers m k p are closed ideals of finite codimension in C ∞ (M ), from which all jets and their intersections are also closed.
Denote by R ℓ m the Weil algebra R[x 1 , . . . , x m ]/(x 1 , . . . , x m ) ℓ+1 . If X is a non singular, closed submanifold of dimension m in M , and p ∈ X, we can take local coordinates (x 1 , . . . , x m , y 1 , . . . , y r ) in a neighborhood of p in M in such a way that local equations of X will be y 1 = 0, . . . , y r = 0. We see, then, that
Jets p ∈ M whose quotient rings C ∞ (M )/p are isomorphic to algebras R ℓ m will be called classical jets. They are the jets of arbitrary order of closed (or locally closed) submanifolds of M . In particular, if π : M → N is a regular projection, for each section σ : N → M , the image σ(N ) is a closed submanifold of M whose jet of order ℓ at each p = σ(q) is usually named jet of order ℓ of the section σ at the point q, and denoted by j ℓ q (σ). They are the classical jets of sections of fiber bundles.
Jets of order 1.
If A is a Weil algebra of order 1, we have m 2 A = 0 and A ≃ R 1 m , where m is the width of A. Hence, it is derived that each jet p of order 1 of the manifold M is of the form I(X) + m 2 p , where X is a submanifold of M which passes through the point p and whose dimension equals the width of p. The quotient p/m 2 p ⊆ m p /m 2 p ≃ T * p M is called contact system of M at p and completely characterizes the jet p. The subspace L p ⊆ T p M annihilated by the contact system is the space tangent to X at p. In this way, jets order 1 of M are conceivable as the subspaces of the tangent spaces of M at each one of its points. Given the subspace L p ⊆ T p M , the ideal p of C ∞ (M ) is the set of functions f such that f (p) = 0 and
The definition of the contact systems at every point p ∈ M is one of the objectives of this work.
Terminology and notation.
When an ideal I of C ∞ (M ) will be contained in a jet p, we will say that I passes trough p. When I = I(X) is the ideal of a submanifold (singular or not) and I(X) ⊆ p, we will say that the manifold X passes through p.
If A is a Weil algebra and it holds C ∞ (M )/p ≃ A, we will say that p is a jet of type A. The set of all jets of M of type A will be denoted by M A and also J A (M ), when this notation is more handy. The set of jets of type R ℓ m will be denoted by M ℓ m or J ℓ m (M ). When it be convenient to indicate that that a jet is of type A, we will denote it by a superindex p A or p ℓ m , in the cases of classical jets.
The set of all A-points of M will be denoted by M A . When A = R ℓ m , we will put M ℓ m .
For each Weil algebra A we have the canonical map M A → M, p A → p = ker p A . In general, the morphism p A is not exhaustive, for which its kernel p can be not of type A, although always will be of type "a subalgebra of A".
When p A : C ∞ (M ) → A is exhaustive, we will say that p A is a regular A-point; in such a case, p A = ker p A is a jet of type A. We will denote by M A the set of regular A-points M . The canonical map
For a given Weil algebra A, each morphism of manifolds ϕ : M → N induces canonically a map of sets (same notation) ϕ :
M A is a covariant functor from the category of manifolds to the category of sets (at this moment, we do not dispose yet of a differentiable structure for M A ) and the diagrams
Obviously, each morphism of Weil algebras α : A → B determines maps α : M A → M B . Fixing the manifold M , the assignation A M A is a covariant functor from the category of Weil algebras to the category of sets (in fact, to that of manifolds, when we will dispose of the above mentioned differentiable structures).
Let us suppose that α is exhaustive; put I = ker α. Let p A ∈M A and p A = ker p A ∈ M A . The image of p A by α is the B-point p B = α • p A , whose kernel is p B = (p A ) −1 I which, in general, depends on p A , and not only on p A . For this reason, in general, the mapM A →M B , canonically associated to the morphism α, does not project on a map M A → M B . Let us see which is the condition for the existence of such a projection: every regular A-point p A , with the same jet as p A , is of the form
), in such a way that the condition to be p B = p B is (since p A is exhaustive) to have g(I) = I. Therefore, the condition for the mapM A →M B to go down to level of jets, completing and making commutative the diagram
is that the ideal I = ker α to be stable under the action of the group Aut A. In such a case, we have a canonical group morphism Aut A → Aut B, whose kernel is the group G α = {g ∈ Aut A | α • g = α}.
Tangent and cotangent modules at a jet
The justification of the following definitions will appear when we will study the differentiable structures on jet spaces.
2.1. Definition. For a given p ∈ M we will call tangent module to the manifold M at p, and we denote it by T p M , the quotient
Let α : A → B be an exhaustive morphism of Weil algebras, whose kernel I is stable under the group Aut A. The Lie algebra of this group is Der (A, A). We deduce that, for every derivation δ : A → A, it holds δI ⊆ I, so that δ projects onto a derivation δ : B → B.
On the other hand, by considering A = C ∞ (M )/p A , via a p A ∈M A whose kernel is p A , and analogously for B, via p B = α • p A , we see that the natural map
, so that it passes to the quotient, giving For each D ∈ D and each p ∈ M, we will denote by D p the derivation from C ∞ (M ) to C ∞ (M )/p which is the composition of the derivation D with the pass to the quotient. We will call D p the value of the field D at the jet p. The class of D p in the quotient module T p M will be denoted by D p ; so, the derivation D p is a representative of the tangent vector D p .
For each ideal I of C ∞ (M ) (in particular, for each jet) we will put D(I) = {D ∈ D | D(I) ⊆ I}. Fields D ∈ D(I) will be said to be tangent to I. When I is the ideal of a manifold X, the tangent fields to I(X) will be said to be tangent to X.
We will say that a field D ∈ D is tangent to the ideal I at the jet p when I passes through p and, in addition, DI ⊆ p. When I is the ideal of a manifold X and D is tangent to I at p, we will say that D is tangent to X at p.
According to the Whitney theorem [26] , the field D is tangent to the closed ideal I if and only if it is tangent to I at every jet by which it passes through.
Proof. Let ℓ be the order of p, n the dimension of M , p ∈ M the point of which p is nearby. Then,
n . It is easy to see that this derivation cames from a derivation of R[x 1 , . . . , x n ] to itself, and from that its derived the first point of the statement. The remainder is a consequence of it.
2.4. Each f ∈ p determines a morphism which we will denote by d p f :
2.5. Notation. For each jet p, we will put:
It is clear thatp is an ideal of C ∞ (M ) and that
for whichp is also a jet, at the same point p as p.
2.6.
Definition. We will call module cotangent to M at p to
The inclusion assigns to the class [f ] modp the d p f . In general, that inclusion is not exhaustive.
2.7. The higher order cotangent spaces example. In the simplest case,
It is easily checked thatp = m ℓ+2 p , so that
is ≃ {homogeneous forms of degree ℓ + 1 in the local coordinates around p}. Each one of these forms F (x 1 , . . . , x n ) determines the morphism from
, is bijective and when we will study the differentiable structures on jet spaces, we will proof that it is an isomorphism of manifolds. The tangent spaces are identified; by seeing only the structures of manifold, also the respective cotangent spaces at the corresponding point, are identified. However, the degree ℓ distinguishes between those that we have called cotangent modules.
2.8. Tangent map to a morphism at a jet. Let ϕ : M → N be a morphism of manifolds and ϕ * : C ∞ (N ) → C ∞ (M ) the corresponding morphism between their rings of functions. For each jet p ∈ M, if q := ϕ(p) ∈ N denotes its image by ϕ, we have an injection of rings ϕ * : C ∞ (N )/q → C ∞ (M )/p, by means of which we consider the first ring as a subring of the second one.
For each tangent field D on M and each p ∈ M define the derivation of
When this derivation takes values in the subring C ∞ (N )/ϕ(p), we will say that there exists the map tangent to ϕ at p, and we consider ϕ * D p as a derivation from
2.9. Proposition. The necessary and sufficient condition for the existence of map tangent to the morphism ϕ at the jet p is that, for all tangent field
Proof. Immediate.
Let us suppose that there exists map tangent to ϕ at p. Let D be a field on M such that D p = 0; then D maps p to p, and so, applies ϕ * (ϕ(p)) ⊆ p into p, and ϕ * D p sends ϕ(p) to (0). Therefore, the class of ϕ * D p in T ϕ(p) N is 0. From here it is derived the: 2.10. Proposition. If there exists a map tangent to morphism ϕ at the jet p, such a map canonically induces a morphism of C ∞ (N )-modules ϕ * :
Condition 2.9 for the existence of tangent map obviously holds when ϕ * C ∞ (N ) + p is the whole of ring C ∞ (M ), this is to say, when the morphism of taking quotient C ∞ (M ) → C ∞ (M )/p restricted to the subring ϕ * C ∞ (N ) is exhaustive. That holds, for example, when M is a submanifold of N , and also when ϕ is a regular projection and p is the jet of a section of it.
For brevity, we will say that a jet is proper or regular for a subring A ⊆ C ∞ (M ) when A + p = C ∞ (M ). Hence, given a morphism ϕ : M → N , there exists a map tangent to ϕ at any jet p ∈ M which are regular for ϕ * C ∞ (N ).
2.11. Dual of a tangent map. Assume the existence of a map tangent to the morphism ϕ at the jet p. Put q = ϕ(p).
If f ∈q, for every tangent field D on M it must be (ϕ * D p )f = 0, so that D p ϕ * f = 0, from which we get ϕ * f ∈p. It follows that ϕ * q ⊆p, that is to say,q ⊆ ϕ * −1p = ϕ(p). It is derived that the morphism of rings, ϕ * , induces a morphism of C ∞ (N )-modules ϕ * : q/q −→ p/p.
For each f ∈ q and each tangent vector
3. The contact system on M For each pair of jets p ⊆ p ′ of M and each f ∈ p let us define the map
We will call contact system of the pair (p, p ′ ) the module
, which, in general, is not the case. Therefore, it must to distinguish between d ′ p and d p ′ . The contact system on M is defined by assigning to each jet p another one p ′ which contain it, as we will see now.
3.2. Definition. Let A = C ∞ (M )/p be a Weil algebra of order ℓ and width m. We define the Cartan system at p to be the submodule C p of T p M generated by the tangent fields on M which are tangent to some m-dimensional submanifold X of M passing through p. Next, let us define the ideal p ′ derived of p to be:
and the contact system at p to be:
3.3. Order 1 jets example. (Compare with 1.2) A jet of order 1 and width m is the jet of order 1 of a submanifold X of dimension m at one of its points p. Let us take local coordinates around p in M , (x 1 , . . . , x m , y 1 , . . . , y r ), adapted to X in such a way that I(X) = (y 1 , . . . , y r ), so that p = (y 1 , . . . , y r )+ m 2 p . Local equations of an m-dimensional submanifold of M passing trough p are of the form y j = f j (x 1 , . . . , x m ) with f j ∈ m 2 p . The local expression of a vector field tangent to that submanifold is a linear combination of
Hence, Ω p is the set of all d p f , with f ∈ p, this is to say, p/m 2 p . The subspace of T p M which annihilates Ω p is, therefore, the set of all
The preimage of L p in T p M contains the Cartan subspace C p because the latter is annihilated by Ω p . Right away, we will see that C p is exactly the preimage of L p ; that is a corollary of the following proposition:
Proof. We can take local coordinates for M around p, {x 1 , . . . , x m , y 1 , . . . , y r } in such a way that:
where the Q h are suitable polynomials in the x's of degrees ≥ 2 and ≤ ℓ (in case ℓ = 1, the Q h are 0). An m-dimensional submanifold X of M passing through p also passes through (y 1 , . . . , y r ) + m 2 p , from which we see that it is locally parameterized by coordinates x. Its local equations must be of the form
where f i ∈ Q h (x) and F i ∈ m ℓ+1 p . Fields tangent to X are combinations of the
Deriving the elements of p by these fields it is seeing that
that condition is equivalent to be b j ∈ p ′ (j = 1, . . . , r). By subtracting from b j terms in p (which contribute by fields tangent to p), we can assume that each b j is a polynomial in the x belonging to the ideal m ℓ p + ∂Q h /∂x α , and also that the term in m ℓ p is homogeneous of degree ℓ in the x.
Let us study separately each term of D:
The m fields ∂/∂x α are tangent to the manifold having as ideal (y 1 , . . . , y r ), which passes through p.
Let f (x 1 , . . . , x m ) homogeneous of degree ℓ; let F (x 1 , . . . , x m ) homogeneous of degree ℓ+1 with ∂F/∂x 1 = f . The field ∂/∂x 1 +f (x 1 , . . . , x m )∂/∂y j is tangent to the manifold of equations y 1 = 0, . . . , y j = F (x 1 , . . . , x m ) , . . . , y r = 0; so that its value at p belongs to C p ; thus, also f ∂/∂y j do it.
Finally, let b j ∈ ∂Q h /∂x α ; by deriving products and eliminating terms in p, we can assume that b j = ∂H jα /∂x α with H jα ∈ p. The field
is tangent to the manifold of equations y j = H j1 (x 1 , . . . , x m ) (j = 1, . . . , r). It follows that ∂H j1 /∂x 1 ∂/∂y j belongs to C p . Analogously, when x 1 is replaced by other coordinates x. Finally we conclude that D is the sum of fields whose values at p belong to
In consequence, there exists tangent map
Proof. Let us take local coordinates for M around p like in the previous proof.
A field D = a α ∂/∂x α + b j ∂/∂y j is tangent to p if and only if b j ∈ p, a α ∈ m p and a α ∂Q h /∂x α ∈ p. Subtracting terms in p, we can assume that the a α are polynomials in the x's.
In order to see that
3.6. Proposition. If the width of p ′ equals that of p, the map
Proof. Every m-dimensional manifold passing through p, also passe through p ′ .
3.7. Proposition. Let p ∈ M with width m. For each m-dimensional manifold X which passes through p it holds
Proof. The tangent map T p X → T p M (2.10) identifies T p X with the submodule of T p M comprised by the values at p of the tangent fields on M which are tangent to X. By definition of the Cartan system we get, thus, T p X ⊆ C p , so that π * T p X ⊆ π * C p ; from Proposition 3.5 and the inclusion
3.8. Theorem. Let p ∈ M of width m. Every m-dimensional manifold X passing through p have at p ′ the same tangent space, namely, π * C p . In addition,
and let X be an m-dimensional manifold passing through p ′ , but not through p. The local equations of X take the form y j = f j (x 1 , . . . , x m ) (j = 1, . . . , r), where at least one of the f j 's is out of p. The manifold Y given by equations y 1 = 0, . . . , y r = 0 passes through p, and the field ∂/∂x α is tangent to Y , from which it follows that [
, and then ∂f j /∂x α ∈ p ′ . If this is true for all α = 1, . . . , m, then it would be f j ∈ p ′ ⊆ p, against the hypothesis. In this way,
The second point in the theorem is a consequence of the first one and the fact of each jet p of width m, as an ideal of C ∞ (M ), is the sum of all the ideals of m-dimensional submanifolds passing through p.
3.10. Definition. The map M −→ Grass(TM ) sending p to π * C p will be called Taylor map. Its restriction to the set of jets which hold p ′ ⊆ p will be named Taylor injection.
3.11. Remarks. Classical jets, p ℓ m , hold the condition p ′ ⊆ p. In the classical case, the Taylor injection assigns to each system of partial differential equations of order ℓ with m variables and n − m unknowns (= submanifold of M ℓ m , when we will dispose of differentiable structures) a system of partial differential equations of first order with m independent variables and (n − m) Proof. Let U be an open set in M coordinated by functions x 1 , . . . , x n , which we can assume in C ∞ (M ) by reducing U if necessary. As a function U A → A we have x i = x i α a α , once chosen the basis of A. For each f ∈ C ∞ (M ) and each p ∈ U , the Taylor expansion gives us:
where ℓ =order of A, λ = (λ 1 , . . . , λ n ), |λ| = λ 1 + · · · λ n , etc. Taking values in p A , near to p:
Expanding the terms into brackets, applying the multiplication table of A and, finally, equating coefficients of each a β in both members of equation, we get f β as a polynomial in the x i α 's with coefficients in C ∞ (M ), which are expressible as linear combinations, with constant coefficients, in the derivatives of f of orders ≤ ℓ, these combinations being the same for all f .
On the other hand, the morphism R[x 1 , . . . , x n ] → A can be defined by assigning arbitrary values in A to each variable x i . If these values are attributed in such a way that, when composed with the taking of quotient A → A/m A = R, (x 1 , . . . , x n ) goes to a point in U , we obtain a morphism p A : C ∞ (U ) → A near to a point p ∈ U . Thus, can be seen that U A ≃ U × (m A ) ×n as sets. This one-to-one correspondence allows us to transport till U A the differentiable structure of U × (m A ) ×n . The x i α 's are coordinates and each f ∈ C ∞ (M ) is a differentiable map U A → A. The uniqueness of the differentiable structure on U A is assured by that condition.
Given two coordinates subsets U , V , the manifolds U A , V A , induce on (U ∩V ) A the same differentiable structure, which gives for M A the existence and uniqueness of the differentiable structures as set out in the statement.
With the previous notation, for p A ∈ U A to be a regular A-point is necessary and sufficient that the values at p A of the functions x i − x i (p) (i = 1, . . . , n) generate m A /m 2 A . Therefore, the fact of p A being no regular is translated into a system of algebraic equations between the real components x i α of the x i . From here, we derive thatM A is either empty or dense. 4.3. Functoriality. Each morphism of manifolds ϕ : M → N gives a map (same notation) ϕ : M A → N A , by ϕ(p A ) = p A • ϕ * . Translated into real components, we see that ϕ * (f α ) = (ϕ * f ) α , from which it follows that ϕ : M A → N A is a differentiable map for the structures given in 4.1. It results that the assignation M M A is a covariant functor from the category of manifolds to itself.
Given a morphism α : A → B of Weil algebras, the canonical map Each derivation from C ∞ (M ) to A at the point p A comes in this fashion from a field D on M ; the proof is performed by means of an argument similar to the one we used in the proof of 2.3.
We will denote by T p A M the C ∞ (M )-module of derivations from C ∞ (M ) to A, at the point p A . We will call it tangent module to M at the point p A . It is an A-module locally free of rank = dim M , and basis (∂/∂x 1 ) p A ,. . . , (∂/∂x n ) p A , in local coordinates x 1 , . . . , x n , for M . 
Proof. Chosen a basis of A as a R-vector space, multiplication table in A is of the form a α a β = c αβ γ a γ , with the c's in R. For each pair f , g, it follows that (f · g) γ = c αβ γ f α g β . If D p A ∈ T p A M A , the rules of derivation for sums and products give that the map
is an injective morphism of vector spaces with the same dimension, n · dim A, and then, an isomorphism. 4.6. Corolary. Let α : A → B be an exhaustive morphism of Weil algebras. For each manifold M , the corresponding morphism of tangent spaces
As a consequence, if the functions F 1 , . . . , F k ∈ C ∞ (M B ) are functionally independent, also so are their images α * (F 1 
Proof. For each tangent field D on M it holds D p B = α * D p A , and we conclude from the above theorem.
Theorem 4.5 is a particular case of the following one. 4.7. Theorem (Weil [24] ). For an arbitrary manifold M and Weil algebras A, B, we have a canonical isomorphism of manifolds:
Proof. Each f ∈ C ∞ (M ) defines the function f : M A → A, which determines a ring morphism
with the notation we are using previously. We have consecutive morphism of rings
which give, by composition, the morphism
to take values at (p A ) B " is a morphism from C ∞ ((M A ) B ) to R, which gives, by composition with the previous one, a morphism C ∞ (M ) → A ⊗ B, which is a A ⊗ B-point p A⊗B on M . By the above computation, for each
, and so the proof is concluded. . This map being morphism of R-algebras means that p is a point in M and D p is a vector tangent to M at p. Thus, M 1 1 = T M is the tangent bundle of M . In the same way, it can be seen that, if A is an arbitrary Weil algebra, an A) . On the other hand, a point of (M A ) 1 1 is a p A ∈ M A and a derivation of C ∞ (M A ) (valuated in R) at p A . In this way, Weil theorem gives 4.5 as the particular case when B = R 1 1 .
Theorem 4.5 is a particular case of Weil theorem. When
B = R 1 1 = R[x]/(x 2 ), a B-point is a map f → f (p 1 1 ) = f (p) + ǫ D p f ,A ⊗ R 1 1 -point of M is a pair (p A , D p A ) where p A is an A-point and D p A is a derivation of C ∞ (M ) at p A (valuated in
4.9.
Cartesian product of A-points. Prolongatons of Lie groups and associated fiber bundles. Let M and N be smooth manifolds and let A be a Weil algebra. Given A-points p A in M , q A in N , we have a morphism
which can be composed with the morphism "multiplication"
This morphism can be prolonged by continuity (or, simply, according to its Taylor expansion) to a morphism:
which we will denote by p A × q A ∈ (M × N ) A , and will be called cartesian product of the A-points p A , q A . That A-point is the only one on M ×N which, when restricted to the subrings
When an "action" of M on N is given, that is to say, a morphism M ×N → N (for instance, when N is a principal fiber bundle with structural group M ), such an action can be lifted to the spaces of A-points by means of the cartesian product:
In particular, if G is a Lie group, G A is also a Lie group. The identity map of G A is the morphism "to take values at the unity e ∈ G", f → f (e). Indeed, for each A-point g A ∈ G A , the A-point in G × G which coincides with g A in the first factor (in C ∞ (G) ⊗ 1) and coincides with "to take values at e" in the second one, say e A , has as product g A · e A the A-point of G which assigns to each f ∈ C ∞ (G) the value of f (g · e) = f (g) at g A ; so,
The inverse element of g A is its image by the morphism of manifolds "inversion": G → G.
4.
10. An example: the tangent group of a Lie group. Let G be a Lie group as above. Its tangent bundle T G = G 1 1 is also a Lie group, whose group law will be detailed now.
Let us denote by Φ : G × G −→ G the morphism of manifolds given by the multiplication rule. In local coordinates, the image of (x, y) = (x 1 , . . . , x n , y 1 , . . . , y n ) is z = Φ(x, y).
where R q is the right translation by q and L p is the left translation by p on G.
It is derived that the multiplication operation on
The identity element for the multiplication is (e, 0). The inverse element
Let us use the fact of G being parallelizable by means of left translations:
By identifying each vector tangent to G at a point with its associated vector field in the Lie algebra, we have
Differentiable structures on the A-jet spaces
Let A be a Weil algebra of order ℓ and width m. For arbitrary n ≥ m there exist exhaustive morphisms α : R ℓ n → A; for instance, if a 1 , . . . , a m are elements of m A whose classes mod m 2 A are linearly independent, and x 1 , . . . , x n are elements chosen in R ℓ n , as above, we can define α by the rule α(x i ) = a i (i = 1, . . . , m), α(x m+j ) = 0 (j = 1, . . . , n − m).
5.1.
Lemma. Once chosen α : R ℓ n → A, any other epimorphism β : R ℓ n → A is of the form β = α • g, where g is certain automorphism of R ℓ n . Proof. Let us take for α the notation as above. Let y 1 , . . . , y m ∈ R ℓ n be such that β(y i ) = a i . The classes of y 1 , . . . , y m mod m 2 R ℓ n are linearly independent because also so are their images in m A /m 2 A . We can add elements y m+1 , . . . , y n in m R ℓ n which, joint to y 1 , . . . , y m give a generating system of R ℓ n ; by subtracting from each y m+j a polynomial in y 1 , . . . , y m we can get that β(y m+j ) = 0 (j = 1, . . . , n − m). Next, we define g : R ℓ n → R ℓ n by the rule g(y i ) = x i . We have β = α • g.
5.
2. The differentiable structure of M A . Let M be a smooth manifold of dimension n ≥ m. The choice of an epimorphism α :
n , which is exhaustive. In fact, a regular A-point factorizes into the composition of passing to the quotient C ∞ (M ) → C ∞ (M )/m ℓ+1 p and the exhaustive morphism p A :
Let us denote by G the group Aut R ℓ n , G α the subgroup comprised by those g ∈ G such that α • g = α. Then, we have show that the projection π α :M ℓ n →M A is exhaustive and its fibres are the orbits of the subgroup G α of G when acts onM ℓ n . WhenM ℓ n andM A are endowed with the structure of smooth manifold by Theorem 4.2, the projection π α is a differentiable map and has maximal rank (corollary 4.6).
Let U be an open subset of M coordinated by functions x 1 , . . . , x n . For each p ∈ U , the classes
p . The choice of these generators establishes an isomorphism between the algebras C ∞ (M )/m ℓ+1 p and R ℓ n . When p runs over U , the choice of coordinates gives us a section of the fiber bundleǓ ℓ n → U , precisely the section which sends p ∈ U to ξ(p) : C ∞ (U ) → R ℓ n , where ξ(p) is the composition of the pass to the quotient with the isomorphism C ∞ (U )/m ℓ+1 p ≃ R ℓ n established by the choice of coordinates, as said above.
Each point p ℓ n ∈Ǔ ℓ n is of the form p ℓ n = g • ξ(p), for certain g ∈ G. Thus, it is established a biunivocal correspondencě
which is a differentiable isomorphism (as coordinates on G serve the functions which in each g ∈ G take the value
The projection π α :M ℓ n →M A puts in biunivocal correspondenceM A with the set of orbits of G α when it acts onM ℓ n . In the open set U :
by means of the choice of coordinates in U and the Weil algebras morphism α:
We must to check that both, the smooth structure which is own of U A , given in Theorem 4.2, and the one given by the isomorphism of setš U A ≃ U × G/G α coincide. Indeed, in the projectionǓ ℓ n →Ǔ A , the smooth functions onǓ A lift toǓ ℓ n as smooth functions which are invariants under the action of the group G α ; for that, they are smooth functions on the space of orbits U × G/G α . In addition, a family of such functions inǓ A being functionally independent will remain so when lifted toǓ ℓ n (corollary 4.6) and we get the statement.
Let us consider the A-point p A = α • p ℓ n ∈M A ; its kernel is the jet
. The necessary and sufficient condition for p A = p A is that it holds g −1 (Ker α) = Ker α, that is to say, that the automorphism g of R ℓ n will transform the ideal Ker α into itself. Let us denote I = Ker α and let G I ⊆ G be the subgroup comprised by the g ∈ G such that g(I) = I. We have the inclusions
Each g ∈ G I transforms pairs of congruent elements mod I into pairs of congruent elements mod I, and therefore, it projects as an automorphism of A = R ℓ n /I. The condition for g to be projected to the identity is α • g = α, that is to say, g ∈ G α . Thus, we have a morphism of groups G I → Aut A whose kernel is G α . We derive that G α is a normal subgroup of G I , and we get an injection G I /G α ֒→ Aut A. Let us see that the previous injection is an isomorphism: let g ∈ Aut A and put β := g•α. By Lemma 5.1, there exists a g ∈ G such that g•α = α•g:
Obviously, we have g ∈ G I , and the image of g in Aut A is g.
Inasmuch that A-points p A = α • p ℓ n , p A = α • p ℓ n have the same jet if and only if p ℓ n = g • p ℓ n for a suitable g ∈ G I , the set of jets of type A in M , M A , is the set of orbits of the group G I acting onM ℓ n . It is also the set of orbits of Aut A acting onM A .
Let us return to consider the open set U of M , coordinated by x 1 , . . . , x n . The choice of coordinates and the morphism α give sections ξ ofǓ ℓ n → U and α • ξ ofǓ A → U . By taking the kernel of the last one, we have a section Ker • α • ξ of J A (U ) → U . By means of the local sections, the mapš M ℓ n →M A → M A , restrict themselves, on the open set U , to:
We can transport to J A (U ) the differentiable structure of U × G/G I ; with that, the smooth functions on J A (U ) are the smooth functions onǓ ℓ n that are invariants under the action of G I , which is a closed subgroup of G. Such 
The projection of manifoldsM A → M A gives epimorphisms of tangent spaces
; vectors in the kernel of that epimorphism are those tangent to the fiber of p A , which are the derivations ∈ T p AM A that annihilate all the functions ∈ C ∞ (M A ) vanishing on the fiber; these functions are those of the ideal generated by the real components of the functions f ∈ p A . From that and Theorem 4.5 it is derived the: 5.6. Prolongation of ideals. Let M be a manifold and A a Weil algebra. Fixed a basis {a α } of A as R-vector space, for each f ∈ C ∞ (M ) we define the real components of f :
It is derived that the ideal of C ∞ (M A ) generated by the real components of f is invariant under the group Aut A.
Let us consider the principal fiber bundleM A → M A (5.3). By taking a local section, the specialization to it of the ideal generated by the real components of f is transported to an ideal of the ring of functions of the open set of M A where such a section is defined; this ideal is independent of the chosen section. It follows that the ideals defined by two local sections determine the same ideal on the intersection of the respective open sets where these sections are defined. Therefore, there exists an ideal of C ∞ (M A ) that generates in C ∞ (M A ) the same ideal as the ideal of real components of f .
Given an arbitrary ideal I of C ∞ (M ), the previous process, when applied to each f ∈ I, determines in C ∞ (M A ) an ideal, which be called prolongation of I to C ∞ (M A ). This ideal is characterized by the fact of generating in C ∞ (M A ) the same ideal as the collection of all the real components of all the f ∈ I.
Functions does not prolong from M to M A in the sense in what they do it toM A . But, where appropriate, we can use local sections ofM A → M A in order to talking about "real components" of f on M A , and we will handle them in local computations. 5.7. Prolongation of jets. Relationship with the contact system. As any ideal, a jet p can be prolonged as an ideal to each manifold M A . For example, if p is of type A, its prolongation to C ∞ (M A ) is m p , the maximal ideal of the point p ∈ M A . That is a tautology, by taking into account that the fiber ofM A → M A on p consists of the points p A ∈M A where vanish all the f ∈ p, and no one f ∈ C ∞ (M ) out of p has this property. Now let us consider a jet p ′ , of type A ′ , such that p ⊆ p ′ and a projection α : A → A ′ such that Ker α remains stable under Der(A, A). Then, there exists a map of tangent modules T p M → T p ′ M and the contact system Ω (p,p ′ ) consists of the submodule
5.8. Theorem. Let p ⊆ p ′ be jets of types A, A ′ such that Der(A, A) leaves stable the kernel of the projection A → A ′ . Then, the contact system Ω (p,p ′ ) considered as a subspace of T * p ′ M A ′ , coincides with the space of differentials of the prolongation of p to p ′ . In particular, if p ′ is the derived ideal of p, the real components of Ω p are the differentials at p ′ of the real components of the prolongation of p to
6. Differentiable structure of the contact system 6.1. Theorem.
(1) Let A, A ′ be Weil algebras, α : A → A ′ an epimorphism such that the group Aut A leaves stable the ideal Ker α. Let π α : M A → M A ′ be the morphism of manifolds associated with α. For each p ∈ M A , let Proof.
(1) By taking into account Theorem 5.8, the problem reduces itself to prove that, locally on M A , there is a finite family of polynomials P ν (x 1 , . . . , x n ) in the local coordinates x i of M , with coefficients in C ∞ (M A ) such that, when their numerical values are fixed at each p, it is obtained a collection of generators of p as an ideal of C ∞ (M ). Let us consider the generic polynomial P (λ, x) of degree = the order of A, where λ is the set of undetermined coefficients of the monomials in the x 1 , . . . , x n . Given a point p A ∈M A , the condition for that the assignation of numerical values λ(p A ) to the coefficients of P to give P (λ(p A ), x) at p = Ker(p A ) is that the coefficients λ(p A ) to hold a system of linear equations (one for each a α of a given basis of A as R-vector space) whose coefficients are given polynomials in the x i α (p A ) with constant coefficients. The rank of this system oň M A is constant, equal to dim A. For that reason, the solutions λ(p A ) are (rational ) functions of class C ∞ in the x i α , linearly depending of a finite number of parameters which, when fixed, give each element of a basis of p as an R-vector space. Such functions are, obviously, invariant under Aut A, so that they are functions on M A , and we conclude the argument. (2) If we go back to the definitions we see that a jet p ∈ X is a jet of M such that X passes trough p (1.3) ; a tangent vector D p ∈ T p X is a vector D p ∈ T p M which is tangent to X at p (Section 2.2); and T p X is contained in the Cartan system C p for any jet of width = dim X (Definition 3.2). For that, X A is a solution of the contact system Ω de M, for arbitrary Weil algebras A of width m = dim X (Definition 3.2). Let Z ⊂ M A be a solution of Ω that contains X A . For each p ∈ X A it holds T p Z ⊆ C p ; thus, in the projection π * : T p M → T p ′ M , we have π * T p Z ⊆ π * C p = T p ′ X A ′ (we use the identification of T p M with T p M A given in 5.4 and we have put A ′ = C ∞ (M )/p ′ ). As the converse inclusion holds, because X A ⊆ Z, we have π * T p Z = T p ′ X A ′ . Therefore, in a neighborhood of p in Z, the rank of π * at each T q Z is ≥ dim X A ′ , so that = dim X A ′ by Proposition 3.7. Then, π * T q Z has constant dimension in a neighborhood of p. By the rank theorem, πZ (in a neighborhood of p ′ ) is a manifold of dimension equal to that of X A ′ , thereupon πZ = X A ′ in that neighborhood.
Let us assume that (in the considered open set) there exists a q ∈ Z out of X A . Its image in X A ′ would be a point q ′ image of some q ∈ X A . Then, the manifold X passes trough q ′ but not through q; thus, by Theorem 3.9 and Proposition 3.7, it should be T q ′ X = π * C q = π * Z q , against that proved before. That contradiction finishes the proof. (3) It is classical (Cartan) that the manifolds which are solutions of maximal dimension of a Pfaff system are generated by manifoldsolutions of the characteristic system. In order to see that Ω is irreducible on M A , it is enough, then, to see that the solutions of maximal dimension of Ω passing through a given p have the zero vector as the only common tangent vector. Then, by item 2), it is sufficient to show that, given a manifold X of dimension m passing through p, for each tangent field D on M being tangent to X at p, with D p = 0, there exists a manifold Y of dimension m which passes through p but such that D p is not tangent to Y . For that, we take local coordinates x 1 , . . . , x m , y 1 , . . . , y r on M adapted to X, in such a way that I(X) = (y 1 , . . . , y r ), and p is of the form (y 1 , . . . , y r ) + m ℓ+1 p + (Q h (x)). By eliminating terms vanishing on T p M , a field D tangent to X at p can be written locally as a linear combination of the ∂/∂x α with coefficients which are polynomial in the x's. If D p = 0, there exists f ∈ p such that Df / ∈ p. The manifold defined by equations y 1 = f, y 2 = 0, . . . , y r = 0 passes through p and so D is not tangent to Y at p. (4) From 3.4 and 3.8, Ω on M A is, at each p ∈ M A , the lifting, by "pull-back" of the forms on M A ′ which annihilate T p ′ X A ′ , for any m-dimensional submanifold X of M passing through p. The same occurs in the image of p in J 1 µ (M A ′ ) with the contact system of that manifold (1.2), and thus we conclude.
